We show that the geometry of the elements opposite a certain ag in a Moufang polygon is always connected, up to some small cases. This completes the determination of all Moufang polygons for which this geometry is disconnected.
Introduction and statement of the Main Result
A generalized n-gon, n 2, is a rank 2 geometry whose incidence graph has diameter n and girth 2n, and each vertex has valency 3. If the latter condition is not satis ed , then we have a weak generalized n-gon. In this paper, we will always consider generalized n-gons with n 3 (generalized 2-gons are trivial geometries). They are the irreducible spherical buildings of rank 2. A generalized polygon is a generalized n-gon, for some n 2. We will view generalized polygons as geometries of rank 2 whose elements are points and lines. The dual is obtained by interchanging these names. A ag is an incident point-line pair and hence a chamber in the corresponding spherical rank 2 building. Generalized polygons were introduced by Tits 10] and are the basic rank 2 incidence geometries. Let ? be a generalized n-gon, n 3. Given a xed ag F in ?, we de ne ? (F ) to be the set of all ags opposite F in ? together with all points and lines occurring in these ags. So ? (F ) is a rank 2 subgeometry of ? which we call
The second author is a Research Director of the Fund of Scienti c research { Flanders (Belgium) opposite-ag geometry. The question arises what an opposite ag geometry looks like. In particular, is it connected? If ? satis es the Moufang condition, this plays an important role in the theory of twin buildings, see Condition (co) in M uhlherr & Ronan 6] and Condition ( ) in Abramenko & M uhlherr 2] . In the present paper, we answer it for all such Moufang polygons. The result has already been used in the fundamental papers on twin buildings cited above, although there does not exist a complete proof in the literature. Let us brie y mention the history of the problem and its solution. The question for arbitrary nite polygons was put to Andries Brouwer by the second author in connection with some characterizations of nite Moufang polygons. It was solved in Brouwer 3 ] by a matrix-technique. Around the same time, the rst author determined the number of connected components of the opposite-ag geometries of all Moufang polygons ( nite and in nite) using a group-theoretical argument (a sketch of this is contained in Abramenko 1] ). When the second author was confronted with this result, he managed to produce a geometric proof for the Moufang hexagons. In the present paper we present the original proof of the rst author for Moufang octagons (relying on the classi cation of Moufang octagons, as given by Tits 15] ), and we give two proofs for the case of Moufang hexagons: one entirely geometric and one group-theoretic, simpli ed by a geometric reduction. These proofs use the fact that in nite Moufang hexagons have at least 7, respectively 5 points on each line. This follows from the fact that appropriate Jordan algebras over nite elds are nite themselves. An alternative proof of the Main Result is given by Jacques Tits (lectures at Coll ege de France, 13 and 20 January 1998), based on Corollary 5 below. We comment on Tits' proof at the end of Subsection 3.1. Our Main Result reads as follows.
Main Result. Let ? be a Moufang polygon, and let F be any ag of ?.
Then the geometry ? (F ) is connected, except in the following cases:
(i) ? is the generalized quadrangle associated to the symplectic group Sp 4 (2).
In this case, ? (F ) has 2 connected components.
(ii) ? is the generalized hexagon (or its dual) associated to the group G 2 (2) .
In this case, ? (F ) has 4 connected components.
(iii) ? is the generalized hexagon associated to the group G 2 (3) . In this case, ? (F ) has 3 connected components.
(iv) ? is the generalized octagon (or its dual) associated to the group 2 F 4 (2).
Note that Tits 16 ](16.7) mentions without proof a statement which treats the same question. Only, the Moufang octagons are not considered in his context, and the counterexample (iii) is overlooked.
By a result of Weiss 20 ] (see also Tits 12, 14] ), Moufang n-gons, n 3, only exist for n = 3; 4; 6; 8. There are examples in each of these cases, and in fact there is a complete classi cation, see Tits & Weiss 18 ]. For n = 3, i.e., for projective planes, the Main Result is immediate (it is true for all projective planes, Moufang or not). Likewise, for generalized quadrangles, the result is true without the Moufang condition, see Brouwer 3] (cf. Van Maldeghem 19] (1.7.15)). Hence, in order to prove the Main Result, we may restrict our attention to Moufang hexagons and octagons.
Note that for n = 6; 8, the Moufang condition cannot be dispensed with as one can construct (by applying an appropriate modi cation of the \free construction" of generalized polygons given in Tits 13] ) for arbitrary n 5 innite generalized n-gons with opposite-ag geometries having an in nite number of connected components, see Abramenko 1] , Chapter II, x2, Proposition 9.
Remark. The question whether ? (F ) is connected or not is a special case of a general problem which is treated in detail in Abramenko 1] , Chapter II. Namely, let be an arbitrary thick spherical building of rank r and c a chamber of . We denote by o (c) the subcomplex of consisting of all simplices y 2 such that there exists a chamber x opposite c with y x. The problem is to decide whether the geometric realization of o (c) is (r ? 1)-spherical, i.e. homotopy equivalent to a bouquet of (r ? 1)-spheres.
The conjecture is that this is always true if is a not \too small" Moufang building. The case r = 2 is discussed in the present paper. The conjecture is proved by Abramenko In our geometric approach, our aim is to prove that all in nite Moufang hexagons have connected opposite-ag geometries, the nite case being treated by Brouwer 3] . We rst recall some geometric de nitions and facts concerning Moufang hexagons.
Let ? be a generalized hexagon. For i 2 f1; 2; 3; 4; 5; 6g, let ? i (x) be the set of all elements of ? at distance i (measured in the incidence graph) from the element x (which is a point or a line). Also, elements at distance 6 from each other are called opposite. If two elements x; y are not opposite, then there exists a unique element incident with x and at minimal distance from y, and we denote that element by proj x y (it is directly related to the usual projection mapping in buildings, see Tits 11] , Subsection 3.19). If two elements x; y are opposite in ?, then the set ? i (x) \ ? 6?i (y), i = 2; 3, is non-empty (it has the same cardinality as ? 1 (x) and ? 1 (y)) and is denoted for short by x y i] . For i = 2, we sometimes write x y 2] = x y , see e.g. Ronan 8] . The distance between two elements x and y is denoted by (x; y). Let L be a line of ?. Then we say that L is distance-i-regular, i = 2; 3, if for all Ronan 8](3.7), (5.9) showed that all lines of any Moufang hexagon are distance-3-regular and that, up to duality, all lines of any Moufang hexagon are distance-2-regular (but he used another terminology; we follow Van Maldeghem 19] , Section 1.9). The set L M is called a trace. A path is a sequence of consecutively incident elements. Con uent lines are lines which are incident with a common point. The number of points on a line of any generalized polygon is a constant, which we call the length of any line. Now let ? be a Moufang hexagon. Without loss of generality (replacing ? by its dual if necessary), we may assume that ? has distance-2-regular and distance-3-regular lines. We show a lemma. Lemma Finally, if M p = N p , then we may pick any line P 2 ? 6 (L) with proj p P 6 = M p (this is always possible). By the previous part, both M and N belong to the same connected component of ? (F ) as P .
Remark. The Main Result for generalized hexagons now follows from the previous proposition, from Brouwer 3] , and from the fact that no in nite Moufang hexagon has lines with nite length. Indeed, this follows from Tits' unpublished classi cation of Moufang hexagons (see Tits & Weiss 18] ). However, we do not need the full strength of this classi cation here but only the following ingredients. First of all, the root groups of a Moufang hexagon ? constitute a root datum of type G 2 . This is shown in Tits 17] . Secondly, the root groups corresponding to the long roots of a root datum of type G 2 can be coordinatized by the additive group of a (commutative) eld K, and those corresponding to the short roots by the additive group of a Jordan division algebra J over K (cf. Faulkner 5] , Theorem 3.55). Recall that J is in particular a K-vector space endowed with a cubic form N : J ! K such that N(a) 6 = 0, for all a 2 J n f0g. In order to show that no in nite Moufang hexagon ? has lines of nite length, it su ces to verify that J has to be nite dimensional if K is nite. However, this follows directly from the theorem of Chevalley-Warning which implies that every cubic form on a vector space of dimension at least 4 over a nite eld necessarily has a nontrivial zero.
A reduction lemma for Moufang hexagons
In order to simplify a little bit the group theoretic approach, we now show a geometric reduction result. Let ? be any Moufang hexagon. Up to duality, we may assume that all lines are distance-2-regular. We will use the following property, proved by Ronan is connected. We put F = fp; Lg, p some point of ? and L some line. Also, let M and N be two lines opposite L. Let x be any point on N opposite p and put N 0 = proj x proj p M. Then N 0 is opposite L and is contained in the same connected component of ? (F ) as N. Now let y = proj L x and z = proj M p. Consider a full dual split Cayley subhexagon ? 00 of ? containing y; z and the three lines L, proj y M and proj y N 0 .
Put ? 2 (x) \ ? 2 (y) = fug and ? 2 (p) \ ? 3 (N 0 ) = fvg. Since u is incident with proj y N 0 , the point u belongs to ? 00 . Since L belongs to ? 00 , also the line proj p z belongs to ? 00 . Since v is incident with proj p z, it also belongs to ? 00 . Let M 0 be any line of ? 00 at distance 3 from both v and u and distinct from L. By assumption, M and M 0 are contained in the same connected component of ? (F ) . Left to show is that M 0 and N 0 are contained in the same connected component of ? (F ) . This follows immediately from the fact that M 0 and N 0 are contained in a full dual split Cayley subhexagon ? 000 containing the points v and u and the lines proj u L (and hence ? 000 contains L), proj u M 0 and proj u N 0 .
3 The group theoretic approach
A general lemma
The following discussion is based on ideas developed in Tits 16 ], Section 16 (see also Abramenko 1] , Chapter II, x2). We have to introduce some notation. Let be a spherical Moufang building of rank r (see Ronan . Choosing an apartment of ? which contains F , setting c = F and de ning U; U 0 as above, we obtain the following specialization of Lemma 4.
Corollary 5 The number of connected components (in the usual graph theoretic sense) of ? (F ) is equal to U : U 0 ].
Hence the problem is reduced to prove that in the generic case U 0 = U. So one must calculate U 0 . In fact, we will only need to perform an explicit calculation for split Cayley hexagons and for Moufang octagons. A way to avoid explicit calculations with commutation relations (as below) was given by Tits (unpublished) in his course at Coll ege de France (January 1998). His idea is the following. By considering the action of a (suitable) torus T , one turns the group U 00 := hU : 2 + and contains every chamber adjacent to ci into a group with operators. This allows one to show that, in the generic case, every subgroup (with operators) of U 00 is a product of subgroups of the U , with 2 + containing every chamber adjacent to c. It is then easy to deduce U 00 U 0 and hence U 0 = U. The statement concerning U 00 is achieved by showing that the U , as above, have no isomorphic sub-quotients with respect to the operators. This method needs an explicit calculation in T , and it also relies on the classi cation of Moufang polygons. On the one hand, it is somewhat more involved than the method below, because it needs some additional lemmas. On the other hand, the calculations to perform afterwards are shorter.
Split Cayley hexagons
For a given split Cayley hexagon ?, there exists a commutative eld K such that ? is the building associated to the (adjoint) Chevalley group G 2 (K) =:
G. In this special situation, we reinterpret the notions introduced in the previous subsection as follows : The root groups U are 1-dimensional unipotent subgroups of G, and U is the unipotent radical of a Borel subgroup of G. We identify with the elements of a root system of type G 2 . Let f 1 ; 2 g be the base of corresponding to + . We assume that 1 is short, 2 is long and set Now (1), (5) and (6) (3 0 ), (5) and (6), this implies Suppose now charK 6 = 3. Then we choose a such that a 6 = a 2 (possible, since K 6 = GF (2)) and deduce from (3), (5) and (7) This implies successively U 2 U 0 , U 3 U 0 (by (7)), U 5 U 0 (by (1)) and hence U 0 = U. So we may assume that charK = 3. We can use (1), (2), (3) and (5) 19] shows in an elementary way that ? is nite (see also Ronan 7] ). So only in the case of Moufang hexagons with distance-2-regular lines of length 4, we have to appeal here to the Jordan algebra argument, as in the remark at the end of 2.1, to conclude that ? is nite.
Moufang octagons
If ? is a Moufang octagon, it is hard to construct connecting paths in ? (F ) analogously to our proceeding in Section 2. However, the group theoretic approach works here as well, yielding U 0 = U with only one exception. Our discussion will be based on Tits (1) . Note that U(GF(2); id) can always be considered as a subgroup of U. It is therefore useful to determine U 0 (GF(2); id) at rst. Proof. First we observe that e U is in fact a subgroup of U (and hence contains U 0 ). This follows mainly from an inspection of the formulae (1) up to (15) given in tits 15], Subsection 1.7, for commutators u i ; u j ] with u i 2 U i , u j 2 U j and 1 i < j 8. One notes that u i ; u j ] can always be expressed as a product with factors from U i+1 ; U i+2 ; : : : ; U j?1 , where the number of factors from U`n U 0`w ith`2 f2; 4; 6g is even. From this and the fact that (U`n U 0`) (U`n U 0`) U 0`, for all`2 f2; 4; 6g in our case (K = GF(2)), one easily deduces that e U is closed under multiplication and hence a subgroup of U. This subgroup is obviously generated by (and we use the notation introduced above) 1; 3; 5; 7; 8; 2 0 ; 4 0 ; 6 0 ; 8 0 ; 24 and 46. Using again the formulae (1) up to (15) in Tits 15] (1.7.1), we shall show that all these elements are contained in U 0 , thus completing the proof of the lemma. Indeed, we obtain successively: The lemma is proved. Corollary 10 The opposite-ag geometry ? (F ) is connected for any Moufang octagon with lines of length > 5. In the (up to duality, unique) excluded case, ? (F ) has exactly 2 connected components.
